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A semiempirical method is proposed for computing the local and integral char- 
acteristics of the turbulent boundary layer on a convex surface under condi- 
tions of a positive longitudinal pressure gradient. By using the method pro- 
posed, graphical dependences are obtained that characterize the influence of 
curvature on the form-parameter, the thickness of the momentum loss, the 
thickness of the viscous sublayer, and the relative flow coefficient. 

The turbulent flow on a surface with longitudinal curvature (convex, concave) is en- 
countered extensively in engineering. It occurs on turbine and compressor blades, in gas- 
dynamic laser elements, in Laval nozzles, around aircraft, rocket, ship, etc. surfaces 

P. Bradshaw first showed [i] that the longitudinal curvature exerts an effect on ~he 
stream hydrodynamics even for values of 6/R w = 0.003, and should certainly be taken in~o 
account in computing flow and heat transfer processes when 6/R w > 0.003...0.005. Taking 
account of the influence of the surface longitudinal curvature on the turbulent boundary 
layer characteristics should be accomplished in both the differential and integral equations 
and in expressions for the semiempirical closure hypotheses [2]. For small values of the 
ratio 6/R w a correction to the longitudinal curvature is introduced only in the equations of 
the semiempirical hypothesis while the boundary layer equation is written exactly as for a 
plane stream. 

Different modifications of the semiempirical hypotheses for a plane stream are used to 
determine the turbulent shear stresses in curvilinear boundary layers [2]. Most widespread 
is the relationship expressing the L. Prandtl hypothesis to conserve the circulation oz the 
angular velocity under a random displacement of a turbulent mole 
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The plus sign here corresponds to the first, and the minus to the second hypothesis. 

There is also a curvature correction in the expression for the mixing path length [2]. 
Utilized most often is the equation 

I = lo(1 -1- ~Ri) - ! ,  ( 2 )  

in which the Richardson number characterizes the influence of the streamline curvature on 
the turbulent transfer (Ri > 0 for a convex wall and Ri < 0 for a concave). As is sho~n in 
[3], the parameter ~ is a function of the stream curvature 6**/R w and is determined by the 
equation 

= 

o_295oth[o718(   
( o..)_o oo 

1 0  1 Jr 1 2 3 0  . . . . .  

] /5"* 10 3 -  1 for - - =  (1 ... 3)o10 -8, 
R~ 

6** 
for - = ( 3  . . .  8 ) .  1 0  - 8 .  

R~ 

(3) 

Institute of Technical Thermophysics, Academy of Sciences of the UkrSSR, Kiev. Trans- 
lated from Inzhenerno-Fizicheskii Zhurnal, Vol. 58, No. 6, pp. 916-920, June, 1990. Orig- 
inal article submitted February 17, 1989. 

0022-0841/90/5806-0707512.50 �9 1990 Plenum Publishing Corporation 707 



AOcz 

o,8 

t ..I , T ,,, I, 8 " ~  Rw 
o,6 1 

o,z o,z 
. . . .  , . . 8 % ~ , ~ -  

0 8 16 A~o~Ao 0 

o/ 

o> A~/Ao~ R i~o/Aoor) 

Fig. 1 Fig. 2 

Fig. i. Influence of the longitudinal pressure gradient on the rela- 
tive friction coefficient �9 (a) (1-9 is the change in 6**/R w between 
0 and 8-10 -3 with a 1-10 -3 spacing)and of the curvature on the criti- 
cal value of the pressure gradient parameter (b). 

Fig. 2. Influence of the relative longitudinal pressure gradient on 
the relative friction coefficient ~: i) results of the present com- 
putation; 2) a flat surface [5]. 

Gradient-free flow around convex and concave surfaces is examined in [i, 3] etc. It is 
shown there that the surface friction coefficient for 6/R w = 0.01 is 10% less than the value 
on a flat surface and already 20% less for 6/R w = 0.02. The influence of the convex curva- 
ture on the local and integral characteristics of a turbulent boundary layer and also the 
friction law are studied in [3]. The influence of convex curvature on boundary layer char- 
acteristics under conditions of a positive pressure gradient, that is encountered extensively 
in engineering, is studied in this paper. The hypothesis of conservation of the velocity 
circulation (i) and also (2) and (3) are used for the analysis. 

Transforming (i), we obtain the relative friction law 

I] - V,) (I + 8/~o,) 
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The influence of curvature on the relative friction coefficient in this equation is 
taken into account by the ratio 6/R w, the expression (2) for Z, and also the tangential 
friction stress distribution over the turbulent boundary layer section. 

To integrate (4) we compile a system of additional equations. We obtain the parameters 
on the sublayer boundary after solving the motion equation in the viscous sublayer domain 
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We use an expression [4] that agrees well with test data 
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Fig. 3. Influence of the relative longitudinal pressure gradient on 
the viscous sublayer thickness (i) and velocity on the viscous sublayer 
boundary (2): a) results of the present paper; b) flat surface [5]. 

Fig. 4. Influence of the relative longitudinal pressure gradient on 
the form-factor H (i) and momentum loss thickness 6** (2): a, b) see 
Fig. 3. 

where 
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for the tangential friction stress distribution over the turbulent boundary layer section 
under positive pressure gradient conditions. 

The stream parameters on a flat plate (the standard boundary layer) are determinec by 
the following equations 

ero = 2 [5.89 Ig (4.075 Re**)] -z, ( 8 ) 

�9 ~ = 1 - -  2.1~ l 'I  4-  I-I~ 2"I, ( 9 )  

7, = 0,14 - -  0,08 (] - -  ~)2 _ 0.06 (I - -  ~)~. ( i 0 )  

The system (i)-(i0) describes a turbulent boundary la~er on a curvilinear surface (Rw~ 
0) in the presence of a longitudinal pressure gradient (A 0R ~0). 

A program for computation on the electronic computer ES-1061 is compiled for the solu- 
tion of this system of equations. Computations of the local and integral characteristics 
of a turbulent boundary layer are executed for a convex surface with a positive pressuze 
gradient as the number Re** changes from 3.103 to 104 and the curvature parameter 6"*/~ w 
from 1.10 -3 to 8.10 -3 . The computation was performed by successive approximation with pre- 
viously assigned accuracy. The computation time for one modification did not exceed one 
minute. The quantity of partitions for calculation of the integral in (4) was increased 
until their influence on the absolute value of the results obtained ceased. Satisfactory 
accuracy was achieved for a number of partitions equal to 900., 

Results of a computation of the relative friction coefficient are presented in Fig. la 
for different values of the pressure gradient parameter. It is seen from the figure that as 
the curvature grows, for all values of A0 R the magnitude of the relative function ~ diminishes 
as compared with a flat surface. This is due to the stabilizing action of the convex wall 
on the turbulent boundary layer structure. The values of �9 for A 0 = 0 correspond to the in- 

fluence of positive curvature on the friction coefficient [3]. 
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Results are represented in Fig. ib of determining the critical value of the pressure 
gradient parameter A 0 R corresponding to stream separation from the surface (~ = 0). It is 

cr 
seen that the convex wall curvature results in earlier stream separation as compared with 
the flow on a flat surface (A0cr). The value of the critical pressure gradient parameter 

diminishes 30% on a convex wall in the range of 6**/R w variation between 0 and 8"10 -3 . 

The results presented in Fig. 1 are represented in Fig. 2 in conformity with the approach 
examined in [5]. It follows from the figure that the results of computations for a curvi- 
linear stream are described by a single dependence (line i) for different values of the ratio 
6**/R w and differ by not more than 20% from the line 2 corresponding to the flow with a 
positive pressure gradient on a flat surface. This means that taking account of the longi- 
tudinal surface curvature in the friction coefficient for a convex surface in a first approx- 
imation can be done because of correction of the critical pressure gradient parameter in the 
expression for the friction law for a curvilinear stream. 

The influence of the positive pressure gradient on the local and integral turbulent 
boundary layer parameters on convex and flat surfaces is shown in Figs. 3 and 4. Values of 
the parameters on a curvilinear surface for gradient-free flow are taken from data in [3]. 

As follows from Fig. 3, upon approaching the separation point on a curvilinear surface, 
the positive pressure gradient increases the viscous boundary layer thickness less intensive- 
ly than on a flat surface. The influence of the positive pressure gradient on the value of 
the velocity on the viscous sublayer boundary is practically identical for both rectilinear 
and curvilinear flows (Fig. 3). The surface curvature results in a less noticeable growth 
of the form-factor H and the relative momentum-loss thickness ~** under the action of a pos- 
itive pressure gradient (Fig. 4). 

According to the data of the present investigation, the critical parameters in the sec- 

tion of turbulent boundary layer separation equal (~AR**/SR**)cr = 1.47, (HAR/HR) = 1.6. 

The computation method considered can, in principle, be used also to determine the tur- 
bulent boundary layer characteristics on a concave surface. To do this, the value of 
should be used for this surface and in all the equations presented above to yield R w < 0. 

The dependence obtained for the relative friction coefficient can be utilized to close 
the integral boundary layer equation during its computation on a convex surface under posi- 
tive pressure gradient conditions. 

NOTATION 

T, Tw, tangential stress in the stream and at the wall; T = T/TW; P, density; s mixing 
path length; u, longitudinal velocity component; F.= ur, velocity circulation; y, distance 
from the wall; Rw, wall radius of curvature; r = y + Rw; �9 = (cf/cf0)Re**, relative friction 

coefficient; cf, friction coefficient on a convex surface in the presence of a pressure gra- 

dient; cf0 , friction coefficient on a flat wall (A0 = 0); Re**, Reynolds number comprised 

from the momentum loss_thickness; 6"*, momentum loss thickness; 6, boundary layer thickness; 
~** = 6"*/~; ~ = y/6; s = s F = ur/[u~(6 + Rw)], dimensionless circulation velocity; ~ = 
u/u~; R = (yv-ZSu/Sy)y=yz, viscous sublayer stability parameter; A0 = 6~w0 Zdp/dx, pressure 

gradient parameter; Ri = 2(6/Rw)s176 Richardson number; H, form-factor; ~, kine- 

matic viscosity. The subscripts: O, flat surface; w, wall; i, viscous sublayer; ~, outer 
boundary of the boundary layer; R, curvature; A, pressure gradient, and cr, separation point. 
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